Abstract. Let K be an algebraically closed field, of characteristic p ≥ 2, and let k, n ≥ 2 be integers with k relatively prime to p. A non-singular complete irreducible algebraic curve F k,n , defined over K, is called a generalized Fermat curve of type (k, n) if it admits a group H Z n k of automorphisms such that F k,n /H is isomorphic to P 1 K and it has exactly (n + 1) cone points, each one of order k. The genus of F k,n is at least one if and only if (k − 1)(n − 1) > 1. In such a situation, we construct an explicit basis, called an standard basis, of its space H 1,0 (F k,n ) of holomorphic forms. Such a basis contains a subset of cardinality n + 1 providing an embedding of F k,n into P n K whose image is the fiber product of (n − 1) classical Fermat curves of degree k. For p = 2 (so k ≥ 3 is odd), we describe the images, under the Cartier operator, of the elements of the standard basis in order to obtain a lower bound (sharp for n = 2, 3) for the dimension of the space of the exact ones. For p = 3 and type (2, 4) (so of genus five), we compute the exact holomorphic forms.
Introduction
In this paper, K denotes an algebraically closed field, of characteristic p ≥ 0. By an algebraic curve we mean a non-singular complete irreducible algebraic curve defined over K. Let k, n ≥ 2 be integers such that, for p > 0, k is relatively prime to p. A generalized Fermat curve of type (k, n) is an algebraic curve F k,n admitting a group H Z n k of automorphisms such that F k,n /H is the projective line P 1 K with exactly (n+1) cone points, each one of order k; the group H is called a generalized Fermat group of type (k, n) of F k,n . By the Riemann-Hurwitz formula, the genus of F k,n is (1) g k,n = 1 + k n−1 ones; in this case the generalized Fermat group takes the role of the cyclic group generated by the hyperelliptic involution. This makes one to wonder whether the rich theory of the hyperelliptic curves, and the many applications of such objects in cryptography, physics, quantum computation, etc., can be extended to the generalized Fermat curves. Let H 1,0 (F k,n ) = H 0 (F k,n , Ω 1 ) be the g k,n -dimensional K-space of holomorphic forms (i.e. everywhere regular) of F k,n . It is well known that, for (k − 1)(n − 1) > 2, each basis B of H 1,0 (F k,n ) induces a canonical embedding ι B : F k,n ֒→ P g k,n −1 K , the hyperosculating points of this embedding coincides with the Weierstrass points. As previously observed, there is a rational embedding (called an standard embedding) ι : F k,n ֒→ P n K , whose image is a non-singular irreducible complete projective algebraic curve C k λ 1 ,...,λ n−2 ⊂ P n K (so, it is not a canonical curve model if (k, n) (2, 4) ). In [14] it was observed that, the group Aut(C k λ 1 ,...,λ n−2
) is a subgroup of the linear group PGL n+1 (K) (for p > 0 we need to assume that either k − 1 is not a power of p or that n + 1 is relatively prime to k) and that the hyperosculating points of the standard embedding are the fixed points of the non-trivial elements of the corresponding Fermat generalized group.
In this paper we construct a basis B can of H 1,0 (F k,n ) (this explicitly given in the algebraic model C where JX [p] is the subgroup-scheme of p-torsion of the jacobian variety JX. The holomorphic forms fixed by C are those of the form dw/w (called logarithmic forms), and these generate a subspace H s (X) of dimension equal to the p-rank γ X [23] . Another subspace is H n (X), formed by those holomorphic forms in the kernel of a suitable finite iterated of C . It happens that H 1,0 (X) = H s (X) ⊕ H n (X) (Theorem of Hasse and Witt [13] ), so 0 ≤ a X + γ X ≤ g X . It is known that γ X = 0 if and only if ker(C ) = H 1,0 (X) (i.e., a X = g X ), and that a X + γ X is an upper bound for the number of factors appearing in the decompostion of JX into simple principally polarized abelian varieties [6] . If ker(C ) = H 1,0 (X), then X is called supersingular. In [5] , Ekedahl proved that if X is a supersingular curve, then g X ≤ p(p − 1)/2. Recently, in [29] , Zhou has proved that if dim K ker(C ) = g X − 1, then g X ≤ p + p(p − 1)/2.
In order to describe the exact holomorphic forms of X, i.e., ker(C ), we first need to compute an explicit basis of H 1,0 (X) and then to compute their images under the Cartier operator. In the particular case that X is a plane curve, a formula for C was given in [24] . This formula has been used in [18] to compute a X for the case of classical Fermat curves (and also some Hurwitz curves), in [4] for certain quotients of Ree curves, in [11] for the Hermitian curve and in [7] for the case of Suzuki curves. As, for generalized Fermat curves (which are not longer planar models) we have obtained an explicit basis, we hope they can be used to describe their exact holomorphic forms. In the final section, for characteristic p = 2, we obtain the values under the Cartier operator of the elements of the standard basis (Theorem 5.2) and we obtain the lower bound (Corollary 5.3)
If n = 2, 3, then such a lower bound is sharp and, for n = 4, this is not the case. We also compute ker(C ), in characteristic p = 3, in the case of generalized Fermat curves of type (2, 4) (also called classical Humbert curves).
Generalized Fermat curves
In this section, we describe some general facts on generalized Fermat curves. As before, K denotes an algebraically closed field of characteristic p ≥ 0.
2.1. The Riemann-Hurwitz-Hasse formula. For generalities on algebraic curves over fields of positive characteristic the author can check, for instance, the book [15] . We will only recall some basics, needed to state the Riemann-Hurwitz formula over algebraically closed fields (see also [19] ).
Let X be a non-singular irreducible algebraic projective curve defined over K, and let K(X) be its field of K-rational maps. If x ∈ X, then there is the ring O x (X) ⊂ K(X) of those rational maps defined over x. This is a local ring with maximal ideal M x (X) ⊂ O x (X) consisting of those rational maps having x as a zero. In this case, M x (X) is generated by
Let C and E be non-singular irreducible algebraic projective curves of genus g and γ, respectively. Let π : C → E be a branched cover, that is, a separable, finite (so surjective) morphism, all of the above objects defined over K. The injective map π
, say of degree d (the condition for π to be separable means that such an extension is separable). Let e ∈ E and c ∈ C be such that π(c) = e. Let us consider uniformizers ψ ∈ O c (C) and φ ∈ O e (E). Then there exists some integer d c ∈ {1, 2, . . .} such that π
The condition for π to be a separable morphism ensures that it has a finite number of critical points. Next, we recall the Riemann-Hurwitz-Hasse formula (we will only need the case when all local degrees are relatively prime to the characteristic of the field). The proof, in the case of characteristic zero was first given by Hurwitz [16] and, for positive characteristic, this was stated by Hasse [12] .
Theorem 2.1 (Riemann-Hurwitz-Hasse formula, [12, 16] ). Let K be an algebraically closed field of characteristic p ≥ 0. Let π : C → E be a branch cover (that is, a separable, finite morphism) between the smooth irreducible algebraic projective curves C and E, of respectively genus g and γ, everything defined over K. Then
In particular, if for every c ∈ C, the local degree d c is relatively prime to p (in the case
A proof of the above result can be found in Section 4.3. of [19] . 
In this case, g = γ = 0, d = p and d c = p, for every c ∈ P 
where m e is the order of the G-stabilizer of any point in the fiber π −1 (e) and B π is the set of branch values of π.
2.2. Algebraic models. Let k, n ≥ 2 be integers such that k is relatively prime to p. Let F k,n be a generalized Fermat curve of type (k, n) and H Z n k be a generalized Fermat group of type (k, n) for it. Let us consider a branch covering π : F k,n → P 1 K , with H as its deck group; it has exactly n + 1 branch values, each one of order k. Up to post-composition by a suitable Möbius transformation (i.e., an element of PGL 2 (K)), we may assume these branch values to be given by the points ∞, 0, 1, λ 1 , . . . , λ n−2 . As H has order relatively prime to p, we may use the Riemann-Hurwitz-Hasse formula to obtain that the genus of F k,n is g k,n as stated in the introduction. Now, we may consider the projective algebraic curve
is non-singular and irreducible. Let ω k ∈ K be a primitive k-root of unity (recall we are assuming k to be relatively prime to p). For each j = 1, . . . , n + 1,
) having order k and acting with k n−1 fixed points (these being the intersection points of the curve with the hyperplane x j = 0). Also, a 1 a 2 · · · a n a n+1 = 1, H 0 = a 1 , . . . , a n Z n k , and the only non-trivial elements of H acting with fixed points in the curve are those being the non-trivial powers of a 1 , . . . , a n+1 . The elements a 1 , . . . , a n+1 are called the standard generators of H 0 .
The morphism The above, in the case K = C, was proved in [10] using Riemann surfaces and Kleinian groups theory. We proceed to provide an idea to see that the above still work in the general situation.
2.3. Sketch of proof of Theorem 2.4. We continue with the previous notations. We identify
There is some b j ∈ H, of order k, such that b j (α j ) = α j . As the group H acts transitively on the set π −1 (p j ) and it is abelian, we
; otherwise, we will obtain an unbranched covering of degree at least two, say F k,n / b 1 , . . . , b n+1 → P 1 K , a contradiction by the Riemann-Hurwitz formula. Next, for each j = 1, . . . , n + 1, we observe that
K with exactly one branch value of order k; again a contradiction by the Riemann-Hurwitz-Hasse fomula. Set
and, by applying the Riemann-Hurwitz-Hasse formula, we have that F k,n /H j is P 1 K with exactly (n − 1)k cone points, each one of order k, there is a Möbius transformation A ∈ PGL 2 (K), of order k, permuting cyclically these points (so there are n − 1 orbits), there is a branched cover y j : F k,n → P 1 K , whose deck group is H j , and each b 1 and b j induces under y j the cyclic group A . In particular, there is a regular branch cover q j :
The branch values of q j are p 1 = ∞ and p j .
Up to post-composition of y j by a suitable Möbius transformation, we may assume
The divisor of poles of y j is defined by Fix div (b 1 ) and its divisor of zeroes is defined by
This observation will be very useful when constructing regular differential forms over generalized Fermat curves. In this way, we may write y j = x j /x 1 . Using the equalities −y
The morphism
induces an isomorphism as desired.
2.4.
Parameter space. It can be seen, from the previous algebraic description, that the generalized Fermat curves of type (k, 2) are exactly the classical Fermat curves of degree k. In the case that n ≥ 3, as a consequence of the previous algebraic description, the domain
provides a parameter space of the generalized Fermat curves of type (k, n). Observe that this space is independent of k and it happens to be the moduli space of the ordered (n + 1) points in P 1 K . In [10] it was observed that C λ 1 ,...,λ n−2 and C µ 1 ,...,µ n−2 are isomorphic if and only if (λ 1 , . . . , λ n−2 ) and (µ 1 , . . . , µ n−2 ) belong to the same orbit under the group G n of automorphisms of Ω n generated by the transformations
Observe that, for n ≥ 4, G n S n+1 and that G 3 S 3 . In this way, the moduli space of generalized Fermat curves of type (k, n), where k ≥ 2 and n ≥ 3, is provided by the geometric quotient Ω n /G n ; which happens to be the moduli space of (n + 1) points in P 1 K . 2.5. Automorphisms. Let us now assume (k − 1)(n − 1) > 2, so H is its unique generalized Fermat group of type (k, n) of F k,n [14] . Let us set
(the branched values of π as above). Set B π = {µ 1 , . . . , µ n+1 } and let G be the subgroup of PSL 2 (K) keeping the set B π invariant. The uniqueness of H asserts that every automorphism T of F k,n induces an element T ∈ PGL 2 (K) belonging to G, that is, π • T = T • π. This process produces a homomorphism of groups η : Aut(F k,n ) → G, whose kernel is H, and a short exact sequence
The reduced group of automorphisms Aut(F k,n )/H is naturally isomorphic (via η) to the finite group G. As previously seen, F k,n can be assumed to be given by the generalized Fermat curve C k λ 1 ,...,λ n−2
and that π([x 1 : · · · :
Next, we proceed to explain an explicit method, described in [10] , to compute the group Aut(C
), which can be easily implemented into a computer program. Let T ∈ A and T ∈ Aut(C
k . As the only cyclic subgroups of H or order k acting with fixed points are a j , for j = 1, .., n + 1, there is a permutation σ ∈ S n+1 (the symmetric group on (n + 1) letters) so that T a j T −1 = a σ( j) . Since the zeros and poles of the meromorphic function
and Fix(a 1 ), respectively, we may see that the zeros and poles of the pullback function
) and Fix(a σ −1 (1) ), respectively. It follows the existence of constants c 2 , . . . , c n+1 ∈ C − {0} such that
. This means that, in the open set {x 1 0}, the expression of the automorphism T , in terms of affine coordinates, is
so, in projective coordinates, T has the form
where the constants c j can be easily computed from the algebraic equations of
that is, the transformation
T induces the same permutation of the index set {1, ..., n+1} as T . This in particular permits to see that Aut(C
) is a subgroup of PGL n+1 (K). The description of all finite groups of automorphisms of the projective line P 1 K , that is, the finite subgroups of PGL 2 (K), is given in the following (see, for instance, [15, 20, 27] ). 
2.6. Remark: Case K = C. Set X 2,2 = C, X 2,3 = X 3,2 = C and, for (k − 1)(n − 1) > 2, set X k,n = H 2 (the hyperbolic plane). As a consequence of the uniformization theorem, there is a Kleinian group Γ = x 1 , . . . , x n+1 :
This group is unique up to conjugation by conformal automorphisms of X k,n . In [10] it was observed that F k,n = X k,n /Γ ′ and H = Γ/Γ ′ , where Γ ′ denotes the derived subgroup of Γ. If n = 2 (i.e., the Fermat curves of degree k ≥ 4), then it is well known that the group of automorphisms is isomorphic to Z 2 k ⋊S 3 . For n = 3, the process described above permits to obtain the following description. (k, 3) , where k ≥ 3, and λ ∈ C − {0, 1}. Set there are the following meromorphic maps
Note that y j is a regular branched cover of degree k n−1 , whose deck group is
k , its zeroes given by the fixed points of a j and its poles being the fixed points of a 1 . In what follows, we will use the notation z := y 2 . The above meromorphic maps satisfy the following relations
and generate the field of meromorphic maps of the curve, in fact
n+1 .
Remark 3.1. It is well known that the field K(
) can be generated just with two meromorphic maps, one of them being z, but in our situation it is better to use all the above generators.
Remark 3.2. The action of H on the above meromorphic maps is given as follows (a
* j f := f • a −1 j ): a * 1 z = ω k z, a * 2 z = ω −1 k z, a * j z = z, j ∈ {3, . . . , n + 1}; a * 1 y l = ω k y l , a * l y l = ω −1 k y l , a * j y l = y l , j ∈ {2, 3, . . . , n + 1} − {l}.
Remark 3.3. Assume n ≥ 3 and let us consider the regular branched cover
π n+1 : C k λ 1 ,...,λ n−2 → C k λ 1 ,...,λ n−3 : [x 1 : · · · : x n+1 ] → [x 1 : · · · : x n ],
whose deck group is a n+1 . For each meromorphic map f
: C k λ 1 ,...,λ n−3 → P 1 K there is associated the meromorphic map f • π n+1 : C k λ 1 ,...,λ n−2 → P 1
K . This permits to assume the following identifications (under
The decomposition (4) corresponds to the eigenspaces decomposition associated to the K(
3.1.1. Divisors of y j . If the set of fixed points of a j is given by {p j1 , . . . , p jk n−1 }, then we set the corresponding divisor
Let us note that sometimes we use the notation Fix(a j ) (by abuse of language) to denote the above divisor or the corresponding set of fixed points. The following is easy to note from the above. In particular, for i j ∈ {1, . . . , n + 1}, the divisor of the meromorphic map y ji := y j /y i is
The space of meromorphic forms. Since dz is a meromorphic form of
, the previous asserts that its space of meromorphic forms is given by
The meromorphic map z is a regular branched cover of degree k n−1 , whose branch points are the fixed points of the elements a 3 , . . . , a n+1 , each one of order k. The branch values of z are given by the k-roots of the points −1, −λ 1 , . . . , −λ n−2 . In particular, the divisor of the meromorphic form dz is
Similarly,
If r ∈ Z and (α 3 , . . . , α n+1 ) ∈ {0, 1, . . . , k −1}
n−1 , then we may consider the meromorphic form , whose divisor is
Remark 3.5. By remark 3.2, we may see the following (the pull-back action of element of H on the above meromorphic forms):
3.3. An standard basis for the space of holomorphic forms. By looking at the divisor form of θ r;α 3 ,...,α n+1 (see (6)), we may see that it is holomorphic on C k λ 1 ,...,λ n−2 if and only if (r; α 3 , . . . , α n+1 ) ∈ I k,n , where
Remark 3.5, together the divisor form (6), permits to observe the following. If, for each l ∈ {0, 1, . . . , (k − 1)(n − 1)}, we set
Proof. If we set
from which we obtain that
Let us set
In this way,
By adding (*) and (**), we obtain
It now follows from (*) that Proof. This is consequence of Lemma 3.6 and Lemma 3.7.
If we set
and by K d 
is the identity map.
Proof. We proceed to explicitly describe these n + 1 holomorphic forms. If n ≥ 4, then consider the following (n + 1) collection
If n = 3 (so k ≥ 3 as g k,3 > 1), then take the collection
If n = 2 (so k ≥ 4), chose the collection
, θ 2 = θ 1;3 = zdz y 3 3 , θ 3 = θ 0;2 = dz y (this last fact was previously noted in [14] ).
Some explicit examples
4.1. Genus one generalized Fermat curves. There are only two types (k, n) producing genus one generalized Fermat curves, these being (k, n) ∈ {(2, 3), (3, 2)}.
(1) The generalized Fermat curve of type (3, 2) is given by the classical Fermat curve of degree 3
whose standard basis is given by
(2) The generalized Fermat curve of type (2, 3) is given by
Classical Fermat curves.
A generalized Fermat curve of type (k, 2) of positive genus is just the classical Fermat curve of degree k ≥ 4 (being of genus g
In this case, the standard basis is given by
and the three ones producing the identity map ι are given by θ 1 = θ 0;3 = dz y 3 3 , θ 2 = θ 1;3 = zdz y 3 3 , θ 3 = θ 0;2 = dz y 2 3 .
4.3.
Classical Humbert curves. Classical Humbert curves are the generalized Fermat curves of type (2, 4) (these being of genus g = 5),
and the standard canonical embedding is just the identity map (see Proposition 3.11).
Generalized Fermat curves of type (3, 3). Generalized Fermat curves of type (3, 3)
have genus g = 10 and have the form
and the standard canonical embedding is 
Observe that the last two equations above are the generalized Fermat equations.
Evaluation of the Cartier operator on the standard basis
Assume K of positive characteristic p > 0, (k − 1)(n − 1) ≥ 2, where k is relatively prime to p, and set , (r; α 3 , . . . α n+1 ) ∈ I k,n , whose Cartier image is
Below, we compute such values in characteristic p = 2 and we workout some examples. Also, we look at the case of classical Humbert curves (i.e., k = 2 and n = 4) in characteristic p = 3.
Remark 5.1. Let us consider the cyclic branched cover, whose deck group is a n+1
Then, using z = x 2 /x 1 in both curves, we obtain that π
..,α n ,0 : (r; α 3 , . . . , α n , 0) ∈ I k,n and ker(C k,n−1 ) can be identified with Fix(a * n+1 ) ∩ ker(C k,n ). 5.1. Characteristic p = 2. In this case, k ≥ 3 is odd and the following properties hold:
In the following, we set δ 3 = 1, for j = 1, . . . , n − 2, and δ 3+ j = λ j .
Theorem 5.2. Let p = 2, k ≥ 3 odd and n ≥ 2. If, for (r; α 3 , . . . , α n+1 ) ∈ I k,n , we set A = A(α 3 , . . . , α n+1 ) = j ∈ {3, . . . , n + 1} : α j is odd , and Proof. We first note that, using the equalities y , we get
r even and A = ∅.
θ r+k−1 2 ; α 3 /2,..., α n+1 /2 , r even and #A = 1.
dz, r even and #A ≥ 2.
, r odd and A = ∅.
, r odd and A = { j 0 }.
dz, r odd and #A ≥ 3.
Now the result follows from combining all the above.
Proof. Let us set B = (r; α 3 , . . . , α n+1 ) ∈ I k,n : r, α 3 , . . . , α n+1 ≡ 0(2) .
As seen in the above theorem, the elements θ r;α 3 ,...,α n+1 , where (r; α 3 , . . . , α n+1 ) ∈ B, belong to the the kernel of C k,n . In this way, dim K (ker(C k,n )) ≥ #B. Next, we proceed to check that the right hand in the inequality in the above corollary is exactly #B.
Set
We have that
Let I = {2, 4, 6, . . . , (n − 1)(k − 1)} and, for each l ∈ I ∪ {0}, we set
It follows that T is the disjoint union of all these sets T (l), l ∈ I; in particular,
Next, as for each l ∈ I, the set {r ∈ {0, 1, . . . , l − 2} : r ≡ 0(2)} has cardinality
Now, as the rule
provides a bijection, we also have
The above asserts the following sequence of equalities:
from which we obtain
The previous corollary provides a lower bound for the dimension of the exact holomorphic forms of generalized Fermat curves in characteristic p = 2. Below we workout the cases n = 2, 3, 4 and observe that the inequality in the previous corollary turns out to be an equality for n = 2, 3 and an strictly inequality for n = 4. 5.1.1. Example: n = 2 (classical Fermat curves). For the classical Fermat curve
the standard basis is given by the forms
The image under the Cartier operator of them is as follows The above asserts that ker(C k,2 ) = θ r;α : r ≡ 0(2) and α ≡ 0(2) , that is,
The above has been already computed in [18] . As the kernel of C 3,3 corresponds to have µ 1 = µ 4 = µ 5 = µ 6 = µ 7 = µ 9 = 0, we get ker(C 3,3 ) = θ 2 , θ 3 , θ 8 , θ 10 K 4 . We may also observe that H n (F 3,3 ) = ker(C 3,3 ), so dim K H s (F 3,3 ) = 6. In fact, the logarithmic holomorphic forms are those satisfying µ 2 = µ 3 = µ 8 = µ 10 = 0, µ in particular, the 2-rank of JF 3,3 is γ F 3,3 = 6.
In [3] , as a consequence of Kani-Rosen results [17] , it was noted that JF 3,3 is isogenous to the product of four curves of genus one and three jacobians of genus two curves. The four genus one curves are given by In this case, the standard basis is given by the elements 
